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Changyeol Lee, 2013, A Benchmark for 2-Dimensional Incompressible and Compressible Mantle Convection
Using COMSOL Multiphysics®. Journal of the Geological Society of Korea. v. 49, no. 2, p. 245-265

ABSTRACT: In this study, a benchmark of mantle convection is conducted using the COMSOL Multiphysics®,
a commercial program based on the finite element method (FEM). For the benchmark, simplified mantle convection
models are formulated by including incompressibility or compressibility of the mantle. The benchmarked
governing equations include anelastic liquid approximation (ALA), truncated anelastic liquid approximation
(TALA), extended Boussinesq approximation (EBA) and Boussinesq approximation (BA) by varying dissipation
and Rayleigh numbers. Since the COMSOL Multiphysics® has user-friendly modeling interfaces and
environments, non-specialists in computational geodynamics can use the program for their own geodynamic
modeling. In addition, the program allows easy modifications of rheology and material properties as well as
governing equations for the user’s specified modeling purposes. The results in this study are well consistent with
the published results. The COMSOL Multiphysics® is promising for diverse modelings of computational
geodynamics.
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Table 1. Model parameters.

Symbol Explanation and Si Unit Value

d Depth (m) 10°

g Gravity (m/s%) 10

Gy Heat capacity (J/kg.K) 1250 (BA)
1250 (Di=0.25)
625 (Di=0.50)
312.5 (Di=1.00)
208.3 (Di = 1.50)
156.3 (Di = 2.00)

AT Temperature difference (K) 3000

x© Heat diffusivity (m®/s) 10°

e Density at the top wall (kg/m3) 4000

a Thermal expansivity (/K) 3.125x10°

r Griineisen’s parameter (.) 1

U Dynamic viscosity (Pa.s) 3.750x107> (Ra= 104)

1.875x10™ (Ra =2x10%
7.500x107* (Ra = 5x10%
3.750x107* (Ra = 1x10°)
1.875x107* (Ra = 2x10%)
7.500x10*" (Ra = 5%10°)
3.750x107" (Ra = 10%
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Fig. 1. The modeling domain formulated in this study
using the COMSOL Multiphysics®. The non-di-
mensionalized length of all the walls of the square box
is 1. The uppermost region of the modeling domain con-
sists of very finer elements for the accurate calculation
of the Nusselt number at the top wall.
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Fig. 2. Temperature distributions in the modeling domain using the anelastlc 11qu1d approximation (ALA).

Dissipation number is fixed as 0.25 but Raylelgh numbers are varied as 10*, 10’ and 10°. The single clockwise con-
vection cell is obtained in the experiments us1ng Rayleigh numbers of 10* and 10°. The temperature distribution
of the experiment using a Rayleigh number of 10° shows count-clockwise convection cell but the temperature dis-
tribution is vertically inverted for a comparison among the temperature distributions. The black arrows indicate
direction and vigor of convecting mantle. For a better view, the scale factors for black arrows are differently used
as 0.0020, 0.0004 and 0.0002 for 2a, 2b and 2c, respectively. As Rayleigh number increases, upwelling and downwel-
ling as well as the thermal boundary layers become thinner. The unit of temperature is K without non-dimensionalization.
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Table 2. Results from the experiments using ALA.

Di=0.25

Ra Nu # Vsurf-max Vit <T> <¢> <W>
1.0E+04 4.410 58.065 38.826 0.515 0.848 0.848
2.0E+04 5.536 91.640 62.908 0.519 1.129 1.129
5.0E+04 7.424 164.002 116.752 0.526 1.599 1.599
1.0E+05 9.229 252.509 184.406 0.532 2.050 2.050
2.0E+05 11.413 386.336 288.060 0.538 2.596 2.596
5.0E+05 14.712 657.238 494.947 0.545 3.425 3.425
1.0E+06 14.867 749.419 540.730 0.539 3.469 3.468

Ra: Rayleigh number, Nu #: Nusselt number, Vurmax: maximum velocity at the top wall, Vg, integrated
mean velocity along the top wall, T: integrated mean temperature of the whole domain, ¢: integrated mean
viscous dissipation of the whole domain, W: integrated mean work done against gravity.

Di=0.50
Ra Nu # V surf-max Vurt <T> <dp> <W>

1.0E+04 3.816 52.789 35.048 0.522 1.380 1.380
2.0E+04 4.717 83.314 56.553 0.529 1.824 1.824
5.0E+04 6.200 148.868 104.068 0.539 2.557 2.556
1.0E+05 7.559 227.216 161.682 0.547 3.231 3.231
2.0E+05 8.919 331.026 236.411 0.555 3914 3914
5.0E+05 9.279 397.198 274.344 0.563 4.116 4.115"
1.0E+06 no convergence to steady state

“Relative error is ~2% compared with King ez al. (2010).

Di=1.00

Ra Nu # V surfmax Vsurt <T> <¢> <W>
1.0E+04 2.466 37.584 24.391 0.510 1.360 1.360
2.0E+04 2.909 59.083 38.775 0.515 1.781 1.781
5.0E+04 3.541 101.569 67.095 0.523 2.399 2.398
1.0E+05 3.876 137.531 89.126 0.529 2.759 2.758
2.0E+05 4.078 171.944 106.126 0.534 2.994 2.992
5.0E+05" 6.144 226.274 143.416 0.525 5.035 5.031"
1.0E+06 no convergence to steady state

“two-cell convection.
"Relative error is ~2% compared with King et al. (2010).

Di=1.50
Ra Nu # Vurf-max Vurt <T> <> <W>

1.0E+04 1.309 17.216 10.292 0.478 0.415 0.415
2.0E+04 1.419 26.703 15.493 0.476 0.570 0.570
5.0E+04" 1.710 29.485 18.548 0.462 0.984 0.984"
1.0E+05" 1.992 48.287 30.175 0.461 1.388 1.387"
2.0E+05" 2.324 76.860 47.637 0.461 1.877° 1.874"
5.0E+05" 2.801 133.614 80.672 0.460 2.602" 2.593"
1.0E+06 no convergence to steady state

“two-cell convection.
"Relative errors range from ~1% to ~3% compared with King ez al. (2010).
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Table 2. continued.

Di=2.00

Ra Nu # V surf-max <T> <o> <W>
1.0E+04" 1.027 4.643 2612 0.501 0.023 0.023
2.0E+04 1.100" 14.189" 7.213 0.487 0.152" 0.1517
5.0E+04" 1.186 19.319 12.136 0.463 0.322 0.321
1.0E+05" 1.245 30.403 18.856 0.451 0.440 0.438
2.0E+05" 1.308 46.060 28.029 0.441 0.565 0.561"
5.0E+05° 1.398 76.790 44.900 0.429 0.749 0.737"
1.0E+06" 1.468" 109.888 60.950 0.420 0.893 0.869"

“two-cell convection.
"No convection is reported in King et al. (2010).

"Relative errors range from ~1% to ~4% compared with King ez al. (2010).
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Fig. 3. Temperature distributions in the modeling domain using anelastic liquid approximation (ALA). All the
Rayleigh numbers are fixed as 2x 10° but dissipation number is varied as 0.50, 1.00, 1.50 and 2.00. With increases
in dissipation number, vigor of mantle convection is substantially weakened, expressed sluggish mantle convection
and layered temperature distribution with depth. The experiments using higher dissipation number tends to develop
multiple convection cells such as two or three convection cells. The black arrows indicate direction and vigor of
convecting mantle. For a better view, the scale factors for black arrows are differently used as 0.0002, 0.0004, 0.0008
and 0.0016 for 3a, 3b, 3c and 3d, respectively. The black arrows in 3¢ and 3d indicate two convection cells; the
experiments developing three convection cells are not shown here. The experiment using a dissipation number of
2.00 apparently develops strong layered temperature distributions with depth. The unit of temperature is K without

non-dimensionalization.
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Fig. 4. Relative errors between the experiments using anelastic liquid approximation (ALA) and truncated anelastic
liquid approximation (TALA) with varying Rayleigh and dissipation numbers. All the parameters except for the
mean temperatures of the modeling domain show a clear tendency to decreasing relative errors between ALA and
TALA with increases in Rayleigh number. Contrary to the effect of Rayleigh number, increase in dissipation number
contributes to large relative errors between ALA and TALA. Missed data corresponding to smaller Rayleigh numbers
are due to much higher relative errors between ALA and TALA such as 37.19% for Rayleigh number of 10*in 4c.
The other missed data corresponding to higher Rayleigh number are due to time-dependent convection or different
style of convection (e.g., one cell vs. two cells).
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Table 3. Results from the experiments using TALA.

Di=0.25

Ra Nu # Vsurf-max Vsurt <T> <¢> <W>
1.0E+04 4421 58.722 39.290 0.513 0.853 0.850
2.0E+04 5.550 92.568 63.589 0.518 1.134 1.131
5.0E+04 7.441 165.499 117.878 0.525 1.606 1.602
1.0E+05 9.249 254.713 186.059 0.531 2.058 2.053
2.0E+05 11.436 389.604 290.464 0.537 2.605 2.600
5.0E+05 14.731 662.195 498.296 0.543 3.433 3.427
1.0E+06 no convergence to steady state

All the parameters described here are the same described in Table 2.

Di=0.50
Ra Nu # V surf.max Viourt <T> <¢p> <W>
1.0E+04 3.858 54.290 36.094 0.519 1.408 1.391
2.0E+04 4.766 85.445 58.083 0.526 1.857 1.837
5.0E+04 6.258 152.280 106.566 0.537 2.597 2.572
1.0E+05 7.621 232.028 165.171 0.545 3.276 3.246
2.0E+05 8.966 336.533 240.096 0.554 3.951 3.922
5.0E+05 9.295 399.578 275.571 0.563 4.131 4.117
1.0E+06 no convergence to steady state
Di=1.00
Ra Nu # Vsurf-max Vsurt <T> <¢> <W>
1.0E+04 2.562 40.596 26.423 0.509 1.463 1.398
2.0E+04 3.011 63.224 41.617 0.515 1.894 1.817
5.0E+04 3.634 107.046 70.794 0.523 2.506 2422
1.0E+05 3.922 141.621 91.506 0.530 2.820 2.754
2.0E+05 4.106 175.265 107.672 0.534 3.032 2.986"
5.0E+05 no convergence to steady state
1.0E+06 no convergence to steady state

“Relative error is ~1% compared with King ez al. (2010).

Di=1.50
Ra Nu # Vsurf-max Viurt <T> <¢> <W>

1.0E+04 1.360 19.551 11.705 0.478 0.479 0.447
2.0E+04 1.469 29.651 17.221 0.476 0.632 0.596
5.0E+04" 1.762 31.715 19.955 0.462 1.054 1.012"
1.0E+05" 2.047 51.344 32.099 0.461 1.463 1.412°
2.0E+05" 2.378 80.849 50.117 0.461 1.953" 1.897"
5.0E+05" 2.847 138.735 83.653 0.460 2.668" 2.615"
1.0E+06 no convergence to steady state

“two-cell convection.
"Relative errors range from ~1% to ~3% compared with King ez al. (2010).
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Table 3. continued.
Di=2.00
Ra Nu # Vsurf-max Vsurf <T> <¢> <W>

1.0E+04 1.053" 7.585" 4.159" 0.497 0.062"" 0.060™
2.0E+04 1.122" 16.421" 8.413 0.484 0.182" 0.174"
5.0E+04" 1.213" 21.384 13.435 0.461 0.360 0.345
1.0E+05" 1.274 33.138 20.559 0.450 0.479 0.459
2.0E+05" 1.335 49.459 30.094 0.440 0.601 0.580
5.0E+05" 1.421 81.026 47276 0.428 0.779 0.756"
1.0E+06° 1.482 114.680 63.425 0.419 0.916" 0.891"

* .
two-cell convection.

“Relative errors range from ~1% to ~4% compared with King ez al. (2010).
"Relative errors range from ~8% to ~13% compared with King et al. (2010).
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Table 4. Results from the experiments using EBA.
=0.25
Ra Nu # Vsurf-max Vsurt <T> <¢> <W>
1.0E+04 4.092 54.870 36.590 0.491 0.773 0.773
2.0E+04 5.156 86.928 59.605 0.494 1.039 1.039
5.0E+04 6.937 155.673 110.964 0.500 1.484 1.484
1.0E+05 8.644 239.712 175.592 0.505 1.911 1.911
2.0E+05 10.721 367.238 275.175 0.510 2432 2432
5.0E+05 14.016 635.358 483.195 0.518 3.260 3.260
1.0E+06 15.563 841.575 621.144 0.519 3.650 3.650
All the parameters described here are the same described in Table 2.
Di=0.50
Ra Nu # Vsurf-max Viurt <T> <¢> <W>
1.0E+04 4.092 54.870 36.590 0.491 0.773 0.773
2.0E+04 5.156 86.928 59.605 0.494 1.039 1.039
5.0E+04 6.937 155.673 110.964 0.500 1.484 1.484
1.0E+05 8.644 239.712 175.592 0.505 1.911 1.911
2.0E+05 10.721 367.238 275.175 0.510 2.432 2.432
5.0E+05 14.016 635.358 483.195 0.518 3.260 3.260
1.0E+06 15.563 841.575 621.144 0.519 3.650 3.650
Di=1.00
Ra Nu # Vsurfmax Vsurt <T> <¢> <W>
1.0E+04 2.190 34.243 22.236 0.467 1.187 1.187
2.0E+04 2.646 55.373 36.676 0.468 1.638 1.638
5.0E+04 3.354 99.492 67.650 0.474 2.341 2.341
1.0E+05 3.957 150.240 103.289 0.482 2.940 2.940
2.0E+05 4.434 209.343 141.282 0.494 3.420 3.419
5.0E+05" 5.675 219.238 139.203 0.488 4.667 4.667
1.0E+06" 6.686 320.165 204.078 0.492 5.684 5.683"
Relatlve error is ~1% compared with King ez al. (2010).
“One cell convection is reported in King et al. (2010).
Di=1.50
Ra Nu # Vurf-max Vur <T> <¢> <W>
1.0E+04 1.315 18.886 11.908 0.466 0.482 0.482
2.0E+04 1.510 32.509 20.585 0.458 0.771 0.771
5.0E+04 1.755 58.539 37.120 0.456 1.131 1.131
1.0E+05 1.921 84.854 52.570 0.458 1.375 1.375
2.0E+05" 2.238 75.124 47.044 0.443 1.861 1.861
5.0E+05° 2.717 132.376 81.562 0.445 2.574 2.574
1.0E+06" 3.079 192.452 114.548 0.447 3.112 3.111

* .
two-cell convection.
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Table 4. continued.

=2.00

Ra Nu # V aurfmas Vout <T> <¢> <W>
1.0E+04 1.000 0.000 0.000 0.500 0.000 0.000
2.0E+04 1.000 0.000 0.000 0.500 0.000 0.000
5.0E+04 1118 28.281 15.154 0.466 0.262 0.262
1.0E+05 1.168 44.151 22.470 0.457 0.367 0.367
2.0E+05" 1.291 47.817 29.943 0.433 0.609 0.609
5.0E+05" 1.386 79.895 48.541 0.422 0.800 0.800
1.0E+06" 1.455 112.477 64.821 0.416 0.936 0.936

* .
two-cell convection.

No benchmark is provided for Di=1.50 and Di=2.00 from King ef al. (2010).

Table 5. Results from the experiments using BA.

Ra Nu # Vurt-max <T>
1.0E+04 4.884 61.632 41.422 0.500
2.0E+04 6.195 97.154 67.289 0.500
5.0E+04 8.401 173.316 125.194 0.500
1.0E+05 10.529 266.450 198.334 0.500
2.0E+05 13.157 408.690 312.246 0.501
5.0E+05 17.603 719.580 565.064 0.501
1.0E+06 21.900 1105.788 882.340 0.502

All the parameters described here are the same described in Table 2.
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Table 6. Resolution test.
ALA,Di=0.5
Ra Mesh Nu # V surf-max Vurt <T> <> <W> Error (%)
1.0E+04  coarse 3.566 52.726 34.983 0.521 1.374 1.374 0.014
fine 3.730 52.767 35.031 0.521 1.379 1.379 0.001
extra fine 3.798 52.780 35.044 0.521 1.380 1.380 0.000
2.0E+04  coarse 4.287 83.273 56.472 0.528 1.817 1.817 0.025
fine 4.573 83.284 56.526 0.528 1.823 1.823 0.002
extra fine 4.689 83.283 56.536 0.528 1.824 1.824 0.000
5.0E+04  coarse 5.331 149.060  104.051 0.537 2.552 2.550 0.050
fine 5.908 148.860  104.036 0.538 2.556 2.556 0.005
extra fine 6.146 148.769  104.001 0.539 2.557 2.557 0.000
1.OE+05  coarse 6.135 228.010  161.925 0.545 3.233 3.230 0.080
fine 7.063 227.300  161.680 0.547 3.233 3.232 0.009
extra fine 7.470 226.991 161.501 0.547 3.231 3.231 0.000
2.0E+05  coarse 6.822 332476  236.940 0.552 3.926 3.921 0.127
fine 8.153 331.148  236.349 0.555 3918 3.918 0.016
extra fine 8.782 330471  235.862 0.556 3.912 3912 0.000
5.0E+05  coarse 7.180 408.889  281.777 0.559 4.190 4.178 0.297
fine 8.456 397386  274.146 0.562 4.119 4.118 0.035
extra fine 9.135 396.931  273.622 0.563 4.117 4.117 0.001
All the parameters described here are the same described in Table 2.
TALA,Di=0.5
Ra Mesh Nu# Vsurfmax Vurt <T> <d> <W> Error (%)
1.0E+04  coarse 3.596 54.232 36.030 0.518 1.403 1.386 1.195
fine 3.767 54.272 36.078 0.519 1.407 1.391 1.183
extra fine 3.838 54.281 36.090 0.519 1.409 1.392 1.182
2.0E+04  coarse 4.318 85.417 58.009 0.525 1.851 1.830 1.131
fine 4.614 85.420 58.057 0.526 1.857 1.836 1.109
extra fine 4.736 85.414 58.066 0.526 1.858 1.838 1.106
5.0E+04  coarse 5.358 152.507  106.571 0.535 2.593 2.566 1.045
fine 5.954 152.281 106.539 0.536 2.597 2.571 1.000
extra fine 6.202 152.180  106.500 0.537 2.598 2.573 0.994
1.OE+05  coarse 6.156 232.899  165.459 0.543 3.279 3.247 0.973
fine 7.109 232.124  165.178 0.545 3.278 3.248 0.902
extra fine 7.529 231.800  164.988 0.545 3.276 3.247 0.892
2.0E+05  coarse 6.831 337.983  240.621 0.550 3.963 3.930 0.829
fine 8.183 336.651  240.026 0.553 3.955 3.926 0.723
extra fine 8.826 335960  239.529 0.554 3.949 3.921 0.707
5.0E+05  coarse 7.183 411.506  283.302 0.559 4.208 4.181 0.622
fine 8.466 399.771 275414 0.562 4.135 4.120 0.367
extra fine 9.150 399.308  274.832 0.563 4.132 4.118 0.329
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Table 6. continued.

EBA, Di=0.5
Ra Mesh Nu # V surf-max Vurt <T> <> <W> Error (%)
1.0E+04  coarse 3.166 47.986 31.717 0.482 1.183 1.183 0.002
fine 3.306 48.046 31.774 0.482 1.187 1.187 0.000
extra fine 3.363 48.063 31.790 0.482 1.188 1.188 0.000
2.0E+04  coarse 3.841 76.446 51.818 0.485 1.599 1.598 0.004
fine 4.089 76.502 51.900 0.486 1.604 1.604 0.000
extra fine 4.189 76.514 51.921 0.486 1.605 1.605 0.000
5.0E+04  coarse 4.822 137.344 96.366 0.493 2.286 2.285 0.008
fine 5.333 137.286 96.465 0.494 2.292 2.292 0.001
extra fine 5.545 137.259 96.479 0.494 2.294 2.294 0.000
1.0E+05  coarse 5.595 211.397  151.686 0.500 2.935 2.935 0.014
fine 6.437 211.046  151.743 0.501 2.940 2.939 0.002
extra fine 6.807 210.894  151.699 0.502 2.940 2.940 0.000
2.0E+05  coarse 6.335 320.710  233.111 0.508 3.692 3.691 0.020
fine 7.628 319.826  233.130 0.510 3.692 3.692 0.003
extra fine 8.250 319370 232917 0.511 3.690 3.690 0.000
5.0E+05  coarse 6.828 446.725  312.185 0.519 4.208 4.207 0.033
fine 8.454 446.726  313.152 0.522 4.213 4.213 0.006
extra fine 9.258 447287  313.721 0.523 4218 4218 0.000
BA
Ra Mesh Nu # V surfmax Viurt <T>
1.0E+04  coarse 4.572 61.533 41.312 0.500
fine 4.796 61.602 41.396 0.500
extra fine 4.872 61.623 41.420 0.500
2.0E+04  coarse 5.595 97.053 67.113 0.500
fine 6.019 97.108 67.242 0.500
extra fine 6.170 97.121 67.276 0.500
5.0E+04  coarse 7.043 173.374  124.892 0.500
fine 7.969  173.265 125.107 0.500
extra fine 8.338 173.210  125.140 0.500
1.0E+05  coarse 8.135  266.841 197.876 0.500
fine 9.698  266.461 198.230 0.500
extra fine 10.405  266.235 198.212 0.500
2.0E+05  coarse 9.148  409.507  311.458 0.500
fine 11.601  408.908  312.198 0.500
extra fine 12910  408.302  312.012 0.500
5.0E+05  coarse 10.554  723.565  565.773 0.500
fine 14377  720.646  565.493 0.500
extra fine 17.027  718.923  564.690 0.500
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Fig. 5. Temperature distributions in the modeling domain using anelastic liquid approximation (ALA), truncated
anelastic liquid approximation (TALA), extended Boussinesq approximation (EBA) and Boussinesq approximation
(BA). Dissipation and Rayleigh numbers are 0.5 and 2x 10°, respectively. Mantle compressibility (ALA and TALA)
contributes to higher temperatures to the deeper region of the modeling domain (5a and 5b), contrast to the experiment
without mantle compressibility (5d). The experiment (EBA) including viscous dissipation only also contributes
to higher mantle temperature to deeper region of the modeling domain but weaker than those of the experiments

considering mantle compressibility (ALA and TALA).
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